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Abstract

One of today’s greatest scientific challenges is the task of understanding and modeling real-
world, complex systems. The word complex stands for the fact that the behavior of such systems
originates from various interactions between a huge number of elements; e.g. properties of
mesoscopic materials, financial events, evolution of social groups both on local and global scales,
and their links to possible future changes in the Earth’s climate and biodiversity. Although
several types of complex systems can be distinguished depending on the strength and quality
of the interaction between the elements, due to their complexity, answering most of questions
arising from the desire of possessing models describing them with practical applicability remains
an outstanding trial of computational and intellectual strength. In my research, I investigated
whether and how a model describing a complex system with a large number of parameters can
be reduced to one with a smaller number of elements, decreasing the time and computer storage
required to find important features about the system. Due to the very general formulation of
the problem, these results may have applications in the optimization and deeper understanding
of robust nonlinear models which I want to investigate in the future.
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Introduction

One of today’s greatest scientific challenges is the task of understanding and modelling of real-
world, complex systems. The word complex stands for the fact that the behaviour of such
systems originates from the various interactions between a huge number of elements; e.g. prop-
erties of mesoscopic materials, financial events, evolution of social groups both on local and
global scales, and their links to possible future changes in the Earth’s climate and biodiversity.
Although several types of complex systems can be distinguished depending on the strength and
quality of the interaction between the elements, due to their complexity, answering most of ques-
tions arising from the desire of possessing models describing them with practical applicability
remains an outstanding trial of computational and intellectual strength.

When modelling real systems, we often want to track the evolution over time of only a few
quantities: the position and momentum of a body with physical dimensions, the number of
healthy, recovered, immune or infected people during an epidemic, the infectivity of the latter,
the change in the price of some product in the case of an economy, to name a few examples.
Yet, the change over time of the quantities under study is often not easy to track - at least not
in an obvious way - so we build more complex models describing the time dependence of many
new parameters, and use the new time-dependent parameters to decompose and understand
the mechanisms responsible for the change in the quantities we are looking for.

Although the more complex a model is, the more likely it is to correctly describe the actual
phenomenon under investigation, it remains the case that most of the parameters responsible
for the complexity of the model are not actually desired, but are introduced out of necessity
to obtain more reliable results and to understand the internal mechanisms. The question is
therefore whether, given a well-functioning multivariate model with which we want to describe
the time evolution of only a few parameters, we can find models with fewer parameters that can
describe the time dependence of the quantities under study with similar success over a given
time interval. One of the main goals of my thesis is to find an answer to this question in a way
that can be applied in a practical and programmable way. To this end, I will give the results in
an abstract form, written up using the tools of linear algebra often used in computer science,
to aid the actual implementation.

In the first chapter of this thesis, I briefly summarize some basic properties of affine and
Euclidean spaces that make them suitable for modelling. In the second chapter, I introduce the
notational system used throughout the first half of the thesis, and then formulate the problem
in the form I wish to answer it. In the third chapter, I formally solve the problem in a few
steps, addressing the issues relevant for applications. I will also consider the case where, due to
limited computational capacity, only an approximate solution is given (since a non-closed form
mapping is typically approximate). I will give an error estimate. I discuss the conditions for
using this procedure and the advantages of the reconstruction method. I conclude the chapter
with some physically motivated ideas to motivate the introduction of a more general modelling
framework, the Riemannian manifold.

In the fourth chapter of the thesis, I briefly review the main properties of topological spaces,
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or topological, smooth and (pseudo)Riemannian manifolds, trying to provide a justification for
the definitions that appear. In the fifth chapter, I give a possible method for generalising the
procedure considered in the first half of the thesis to mappings between (pseudo)Riemannian
manifolds. Finally, I summarize the results of my work and thank the individuals, communities
and programs that made this research possible for their support.

1 Euclidean spaces and their characteristics

For most physical models, the model space is considered to be a Euclidean space, partly for
practical and partly for historical reasons. Indeed, Newton’s formulation of classical mechanics
was based on the axiom system of Euclidean geometry, so that any further models following the
classical framework implicitly carried Euclidean geometry. The Euclidean space remains one of
the most commonly considered fundamental spaces today, even though the 20th century has
been a period of great change. General relativity, breaking with the underlying geometry, intro-
duced the notion of the (pseudo) Riemannian manifold as an important generalisation, while
the probabilistic worldview of quantum mechanics, thanks to the formal linear combinations of
states of possible measurements, led to the notion of Hilbert space.

However, in most disciplines, we continue to model with Euclidean spaces, as we still have
measurement facilities capable of expressing numerical values to validate the models. Thus,
by identifying the states of the systems under study with the numerical values that can be
associated with the state in a given measurement, the discussion of many issues becomes much
simpler. At the same time, however, it is worth considering the assumptions and identifica-
tions that are implicitly made through such modelling, which sometimes lead to confusion of
conceptually different concepts. Therefore, in the following I will give a brief overview of the
mathematical picture behind Euclidean spaces.

1.1 Affine spaces

In this subsection, we briefly review the concept of affine space, highlighting some properties
relevant for physical modelling.

Definition 1. The triple pA,
ÝÑ
A,`Aq is called an affine space if A is a set, ÝÑ

A is a vector space
and `A : A ˆ

ÝÑ
A Ñ A is a transitive and free action of the additive group ÝÑ

A on A. Then
the elements of A are called points, and the elements of ÝÑ

A are called displacement vectors,
displacements, or free vectors. Then the space ÝÑ

A is called the vector space associated with the
affine space.

Remark. For a given pA,
ÝÑ
A,`Aq affine space `A, the following is true:

1. Right identity: D! 0 P
ÝÑ
A : @a P A : a `A 0 “ a;

2. Associativity: @v, w P
ÝÑ
A : @a P A : pa `A vq `A w “ a `A pv `ÝÑ

A
wq;
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3. Free and transitive action property: @a P A : `a
A :

ÝÑ
A Ñ A : `a

Apvq “ a `A v is a
bijection.

Remark. If the tuple pA,
ÝÑ
A,`Aq represents an affine space, we will refer to it briefly only via

the basis set A, as long as this does not cause confusion.

In affine spaces, there is no natural correspondence between the points of the space and the
translation vectors identifiable by translations on the points of the space.

1.2 Euclidean spaces

In this subsection we briefly review the definition of Euclidean space and its relevant properties
for physical modelling.

Definition 2. We call the pair pX, p‚, ‚qq a Prehilbert space, a inverse or scalar multiplicative
vector space, or simply a inverse or scalar multiplicative space, if X is a vector space, or p‚, ‚q :

X ˆ X Ñ K is a scalar multiplication, where in general K “ R or K “ C.

Definition 3. An inner multiplicative space interpreted over the body of real numbers R is
called a Euclidean vector space.

Definition 4. An affine space interpreted over a body of real numbers is called Euclidean
affine space or simply Euclidean space if the vector space associated with it is a Euclidean
vector space.

Definition 5. Let pE,
ÝÑ
E,`Eq be a Euclidean space. Then, as in affine spaces, the elements of

the set E are called points of the Euclidean space, and the elements of the associated vector
space overrightarrowE are called Euclidean vectors. Then the dimension of the Euclidean space
is equal to the dimension of the associated Euclidean vector space.

Remark. Henceforth, when we talk about Euclidean spaces, we omit the Euclidean adjective
from the name of the elements of the associated vector space.

Claim 1. Every Euclidean vector space has an orthonormalized basis.

Claim 2. Let pE,
ÝÑ
E,`Eq be a Euclidean space and O P E be a point of it. Then O is defined

by the point fO : E
ÝÑ
E, fOpP q “

ÝÝÑ
OP mapping isometry.

Remark. By the previous two statements, given pE,
ÝÑ
E,`Eq in Euclidean space, by choosing a

point O P E, an isometric relation can be established between E and Rn, where n “ dimpEq.
To do this, let pO, e1, . . . , enq be the Euclidean reference frame, and introduce the mapping
h : E Ñ Rn, hpP q “ pe1¨fOpP q, . . . , en¨fOpP qq. There is an inverse of this, namely h´1 : Rn Ñ E,
h´1px1, . . . , xnq “ f´1

O pO`x1e1`¨ ¨ ¨`xnenq. It can thus be seen that, by virtue of isomorphism,
every Euclidean vector space associated with a finite dimensional Euclidean space is the same as
the vector space of the corresponding dimensional real number n with the usual operations, and
hence, apart from the freedom of choice of the origin, the Euclidean space itself is isomorphic
with Rn.

In summary, then, every finite n P N dimensional Euclidean space is isometric with the Rn,
so in th following we restrict our investigation to the Rn space, with the usual operations.
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2 Mappings between Euclidean spaces

2.1 Systems evolving in time modelled by Euclidean spaces

When speaking about deterministic systems, one of the first naturally arising question of that
of finding time-dependent quantities well-defined at every instant together with the possibility
of describing the system with these quantities. Hence, we usually equip the state-space of the
quantities under investigation with a well-manageable (typically linear) struture, and try to
describe the internal dynamics of the system by means of the operations and concepts defined
in it.

As I have already briefly described, in order to determine the correctness of our model, it
must eventually provide numerical values that can be measured. it is worth assuming from the
outset that we are dealing with a structure that is (locally) homeomorphic to an open subset
of Rn. For the rest of the chapter, I will make the further assumption that this statement is
globally true, that is, I will assume that the model space of the system under consideration is
the Euclidean space identifiable with Rn under some appropriately chosen n P N.

For example, if considering a classical physical system of point masses, one configuration of
the system can be obtained by fixing the positions of each of the point masses. The set of all
possible configurations is called the configuration space, and the dimension of the configuration
space is equal to the dimension of the vector space which the positions of the mass points are
defined to be part of. Let us denote this by Rm. To describe the state of motion belonging to
the very same system, the velocity vectors must also be recorded in addition to the positions,
since the framework of classical physics dictates that this much information clearly determines
the motion of the body. Just as in the case of the configuration space, the set of all the possible
states of a system with finitely many classical point masses is given by the so-called phase
space. Due to the assumptions made so far, the position and velocity vectors are elements of
isomorphic vector spaces, so that the phase space contains twice as many degrees of freedom as
the configuration space. Thus the phase space is isomorphic by R2m. When modelling the system
with the configuration space, the model space should be at least m dimensional, while when
modelling with the phase space, the model space would be should be at least 2m dimensional.
Thus, in the following, by the notion of modeling deterministic time-evolving systems, I will
refer to a suitable Euclidean space Rn isomorphic to the model space of the system together
with a uniquely defined x : R ãÑ Rn mapping that gives the state of the system xptq P Rn at
any given t P R time instant.

Modelling the system with Euclidean spaces in the framework of this chapter is equivalent
to not considering any constraints on the possible states of the system. For example, in the case
of a classical physical system of point masses, this is manifested in the fact that the possible
positions and velocities of each mass point are considered to be continuous and arbitrary, so
that any two mass points can be arbitrarily far apart and arbitrary velocities are allowed.

Note that the configuration space is often called a configuration manifold. Since in this
chapter we consider the model spaces as Euclidean spaces, we found it convenient not to use
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the word manifold to avoid confusion.
Due to practical issues, we assume that the time-evolution of a given deterministic time-

evolving system is continuous of order k P N, even if we know that this is actually not the case
(e.g. the population of a given bacterial strain). This assumption is useful from a modelling
point of view, and in interpreting the results we of course take into account that our model is
an approximation.

Definition 6. The Ck class mapping x : R ãÑ Rn defines the states of of the deterministic
system, while we call the quantity xptq the statevector or simply state of a system in a given
moment t P R, for some k P N Y t0u.

In addition to describing the states’ time dependence, the time evolution of the system can
be also given by the disjoint union of the instantaneous states at for all times.

Definition 7. The states of a deterministic system evolving in time may be given by the set

S “
ğ

t

xptq “ tpxptq, tq|t P Ru

defining a Ck curve in Rn`1.

Remark. The set S justifies two natural projections:

χ : S Ñ Rn P Ck pS,Rnq , τ : S Ñ R P C8pS,Rq

px, tq
χ

ÞÑ x P Rn px, tq
τ

ÞÑ t P R

Under the assumption of deterministicity, it follows that the mapping τ is a bijective one, so
the inverse mapping τ´1 : R Ñ S exists, which for all times t makes it possible to access the
element pxptq, tq P S. Thus, the identity x “ χ ˝ τ holds.

In application in connection with classical physics, the state vector x is expected to be C2,
but in most fields it is a common requirement that the states are given by a Ck mapping for
some k P N, k ą 2. Although the actual state vector may not be differentiable of arbitrary
order everywhere in the domain of investigation, by choosing appropriate function spaces we
can approximate it by the sum of such vectors, since in practice we cannot perform the limiting
process which might give rise to the actual state. Often, we can approximate the mapping to
the state vectors by series of functions expressed on a basis of C8, so that for a finite number
of members the resulting function can be considered C8. Moreover, in the case of smooth
manifolds, the very construction of the continuous structure implies working with functions
C8, for which it is reasonable to assume that the mapping x is continuously differentiable in
arbitrary order.

When we consider the evolution of quantities over time, instead of a temporal image of the
states we tend to think of a trajectory in the parameter space. The equivalent of this is the
concept of notion of orbit:
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Definition 8. The set
OpSq “ txptq|t P Ru “ RanχpSq

associated with the mapping x is called the orbit associated with the motion.

In most cases, the ultimate goal of modelling is to make some kind of extrapolation or
prediction based on the assumption that the state of the system is known at a finite number
of points in time. The key issue is therefore to find an operator that connects the states of the
system at different times. To do so, we first define the operator responsible for the time shift
for a given a P R:

Ta : R Ñ R, Taptq “ t ` a,

in which we have implicitly made use of the common idealization that time can be divided
into arbitrarily small elements. This implies that we can approximate practically verifiable
difference equations by differential equations and consider their results to be correct. If there
is a smallest unit of time, it is certainly many orders of magnitude smaller than the time we
can physically perceive. Thus, although it remains a question with great importance of how to
estimate the magnitude of the finite-element corrections resulting from replacing the temporal
discretization with a continuous model, it is certain that they are related to the length of the
smallest possible time interval, so that, given its magnitude, we obtain, to the best of our
knowledge, an undetectable discrepancy. If the system can be considered as truly deterministic,
then for each a P R there exists a well-defined time shift mapping; knowing the time shift, we
arrive at the definition of these functions:

Definition 9. We call a function Γa : Rn Ñ Rn the time-displacement function of a given
system a P R if it satisfies Γa ˝ x “ x ˝ Ta, i.e. @t P R : Γapxptqq “ xpt ` aq.

Remark. The function Γa is responsible for the time step of the system of a fixed size a. Of
course, it holds that Γ0 “ id Rn , Γa ˝Γb “ Γb ˝Γa “ Γa`b, and Γ´a “ Γ´1

a . Because of these three
properties, these functions form a one-parameter commutative group, which is summarized by
the commutative diagram in Figure 1 for arbitrary a, b, t P R.

xpt ´ aq xptq xpt ` bq

Γa

Γ0 “ Γa ˝ Γ´a

Γ´a

Γb

Γ0 “ Γ´a ˝ Γa

Γ0 “ Γb ˝ Γ´b

Γ´b

Γ0 “ Γ´b ˝ Γb

Figure 1: Properties of the time generating functions

Remark. It is convenient to think of the set of time steps characterized by different parameters as
being one two-variable mapping with the time step parameter being fixed, for the description
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of which we can introduce a mapping that performs an arbitrary time step, i.e., a function
associated with a step on the set S:

h : S ˆ R Ñ S, hppxptq, tq, aq “ pΓa ˝ x, Taq

If this function h is known, everything is known about the system, as far as the numerical values
provided by the model are concerned; an understanding of the principles that are represented
within the system is not necessarily given, since it relies on the isomorphism between the original
space and the Euclidean space used for modeling purposes.

To establish, by measurement, the relationship between the states of different systems at
different moments in time, in addition to determinism we make two other assumptions about
the system which are important and can be considered (to a good approximation for theoretical
investigation) general.

The first extra assumption is the time-shift invariance of the systems’ inner dynamics,
meaning that two systems prepared in the same manner will exhibit identical behavior at any
different times. The second further assumption is the closedness of the system and its internal
dynamics is the only one that determines its evolution over time: the system is in principle
unaffected by any external stimuli.

The question may arise as to what exactly we mean by closed systems prepared identically at
different times. One possible and satisfactory choice is to define dynamically complete systems
as systems in which the time variable does not appear explicitly when describing its states. For
those systems whose description is dynamically complete, i.e. in which all interactions are taken
into account, we can define a quantity constant in time. If this were not the case, extending
the observation criteria to include additional effects may be worthwhile. In general, there are
a finite number of such effects to consider (those from which we cannot effectively isolate the
system, or which we are not primarily interested).

In the case of physical systems, such a quantity is the total energy of the system: the energy
changes when the particle moves in a time-dependent potential, for example when an external
observer spikes the device. Then, taking into account the effect of the observer, we obtain the
total energy of the system, which is conserved.

Thus, for assuming time-shift invariance it is required that all the relevant effects in a
given time interval are taken into account, while in practical terms, closure means that it is
also reasonable to neglect all the effects that weren’t taken into account. These are often not
expected to become dominant in the time interval under consideration for some reason possibly
controllable by us.

A macroscopic system that can be described by a conveniently small number of parameters
for which the above three assumptions of full deterministicity, time-shift invariance and closure
are valid is unlikely to exist, but very often, also for practical reasons, they can be considered
to be true to an excellent approximation because time-shift invariance is applied at small time
distances relative to the time constants that characterize the system. For example, if we want to
understand the function of particular groups in society, we can carry out surveys about them;



2 MAPPINGS BETWEEN EUCLIDEAN SPACES 9

if we try to use the results within a few weeks/months, they will most likely still be useful,
while from a few centuries it is not clear that the social groups in question or the functions they
perform still exist. The emergence and disappearance of social groups is a slow process on the
order of decades, and therefore a model of fixed groups in society can be approximated by a fixed
setup in the short term. In physics, a similar idea underlies the concept of adiabatic invariants,
where a change that occurs only over a large time scale is neglected in an investigation over
a small time scale compared to the characteristic time (a constant parameter measured in rss)
of the system. The reason is that there may be a combination of parameters that vary in the
first order that itself varies only in the higher order. The procedure is conceptually of great
importance, and the notion of adiabatic invariance is also used, for example, in old quantum
theory, via the Bohr-Sommerfeld quantization condition.

If the above 3 conditions: full deterministicity, time-shift invariance and closure are satisfied,
then (in principle) we can determine the function h. In theory, this can be achieved either by
tracking the system with a device capable of measuring and processing the current states of
the system in question at any instant with infinite precision or by assuming that it is analytic
and after infinitely precise measurements over finite time producing it for unknown times. In
practice, we have much more limited knowledge, but there is still hope for finding the time
evolution of the system.

On the one hand, we are able to collect data in finite time steps, so practically we can
determine the effects of the operators Γ∆t,Γ2∆t, . . .Γk∆t with notably high precision (the error
is due to the accuracy of the instrument and the calibration of the system, the other sources
such as measuring time or the effects of a changing environment are usually neglected). Because
of the group property Γk∆t “ Γ∆t ˝ ¨ ¨ ¨ ˝

loomoon

pk´1q˝

Γ∆t, the effect of the function Γ∆t on different states

in the model space can be measured arbitrarily many times, i.e. we have a very good chance of
finding Γ∆t for some time step ∆t.

If from the collected data an estimate of Γ∆t can be constructed, describing the results of
new measurements with a fixed accuracy, then the function h can be constructed based on the
formal dependency of it on ∆t (which cannot be too complicated due to the rather strict group
property condition). If there were no such an explicit function h, it would violate the group
property of time shifting operators, i.e., the homogeneity of time would be violated. While this
phenomenon may be explained by the theory of general relativity, it is based on Riemannian
geometry, so it would be meaningless to consider this phenomenon under the assumption of
Euclidean model space. The group property is therefore expected to be fulfilled under terrestrial
conditions, otherwise modeling temporal processes would not make much sense. As a result,
it is fairly reasonable to believe that the effect of the operator Γ∆t can be determined with a
given accuracy by measurements at fixed time intervals.

Although for modeling purposes the formal definition of the function h is an important task,
for numerical calculations we always work with given finite time steps, since, unless we want to
validate the model many times, we would use it for prediction. In principle, we do not want to
simulate time steps smaller than the actual time the computer needs to perform the simulation.



2 MAPPINGS BETWEEN EUCLIDEAN SPACES 10

Thus, knowledge of Γ∆t for some sufficiently small ∆t will provide ample information from the
perspective of the model’s applicability.

2.2 Reduction of the model space of time evolving deterministic sys-

tems modeled with Euclidean spaces

In this chapter, we continue to consider systems modeled with finite-dimensional Euclidean
spaces, more precisely the time evolution of the vector set describing the state of the system,
provided that the internal dynamics of the system are determined by deterministic processes.
It is assumed that the model describing the time evolution of the system is known and the
state space is high dimensional, so it is convenient to reduce the number of parameters for
computational reasons.

In practice, it is a significant challenge to construct models that can correctly describe the
time evolution of certain quantities over time, so a common strategy is to define the time
evolution of base quantities, from which a sufficiently large number of new parameters can
be generated that potentially vary with the state of the system. This stems from the belief
that simpler relations are considered to be real: if in a given case, when modeling a system,
we experience significantly simpler dynamics in a higher dimensional model space than in a
lower dimensional one, the description containing high-dimensional dynamics is considered to
be correct. Some examples of base quantities and additional quantities that can be derived from
them:

• For physical systems, the position vector, and the momentum vector, from which distance,
energy, and momentum can be calculated, or the wave function, from which the time
evolution of the probability distribution of a hermitian operator is defined on an arbitrary
quantum mechanical system can be obtained;

• In the case of socio-economic systems, the list of persons constituting a given society, the
(price) list of given commodities and products, from which various economic and welfare
indicators can be calculated;

• In the case of health systems, the age of people, their possible illnesses, and their network
of relationships, from which the chances of contracting a virus can be determined at a
given moment.

The notion of the base quantity itself is related to the requirement to have a sufficiently
simple time evolution in the model space. These quantities are introduced precisely because
they represent one of the few concepts that can be described with relative ease given the system.

This is coupled with the practical expectation that as many new quantities (of interest to
us) as possible should be generated from them. Thus, in the general case, there will almost
certainly be no bijective relation between the base quantities of a rigorous model and those
quantities we are interested in. Moreover, typically the time evolution of the base quantities is
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coupled so that there is a minimal number of them (equal to the number of degrees of freedom),
often large for real systems.

In practice, we can consider as a basic set everything for which we know the time dependence
(although for non-independent sets where there is a simple coupling between the two sets, it is
worth choosing one), so that, practically, the models available to us limit what we can consider
as a basic set. Since in the majority of cases we have no obvious model to describe the time
evolution of quantities of interest, their evolution will be indirectly described by that of the
base quantities: first, we calculate the evolution of the base quantities, then we express the
interesting ones with their help.

Since we expect the model space and the time evolution in it to be simple, we usually
obtain high-dimensional model spaces: in exchange for a simple description of the system under
consideration we introduce additional parameters with independent meanings. For example, we
could describe the time dependence of the kinetic energy of a body in an exact way, which
would imply a one-dimensional model space, but in the light of physical principles, we consider
a phase space of at least 6 dimensions, solve the problem within this space and then derive the
energy from the 6-dimensional quantity.

Regardless of the model space we consider and the underlying reasoning behind it, we usually
only want to describe the evolution of some quantities over time. So it seems unnecessary to
perform the time shift and the derivation of the few quantities in question in a very high
dimensional model space, since this often cannot be done analytically, but only by computer,
consisting a huge resource intensive task. Instead, once the high-dimensional time-shift operator
is known, a more exciting question is whether, given the knowledge of the correspondence
between the vectors of the high-dimensional model space and the low-dimensional quantities,
we can write a time-shift operator in a lower-dimensional model space using which we can
derive the same result with good accuracy.

Suppose that we model a deterministic time-evolving system with a Euclidean space of
dimension n. Then the model space is isomorphic to Rn. We assume that the system has a
state vector x P Rn at each instant. Meanwhile, we search for the time evolution of m ď n

quantities, each of which can be expressed at each moment as a function of n pieces of quantity
ϕi : Rn Ñ R. Then, following the intuition of 2, one can construct the functions representing
each quantity qi : R Ñ R and its time evolution: qi “ ϕi ˝ χ ˝ τ´1, where i “ 1, . . . ,m.

R S Rm R
τ´1

qi “ ϕi ˝ χ ˝ τ´1

τ

χ ϕi

Figure 2: Calculation of parameters

Suppose that the time-shift operator Γ∆t : Rn Ñ Rn of the system is known at some
∆t P R, ∆t ą 0 and we would like to know the quantities qi at the time t0 ` k∆t, where
k P N. We can define the mappings giving qi at arbitrary time Qi : R ˆ R Ñ R such that
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qipt0 ` k∆tq “ Qipt0, k∆tq is satisfied. In sum, Qipt0, k∆tq “ ϕi ˝ Γk∆t ˝ χ ˝ τ´1 ˝ Tt0p0q, as
illustrated in Figure 3.

0 t0 S

Rn Rn ¨ ¨ ¨ Rn

qipt0q qipt0 ` ∆tq ¨ ¨ ¨ qipt0 ` k∆tq

Tt0 τ´1

χ

Γ∆t

ϕi

Γ∆t

ϕi

Γ∆t

ϕiϕi ϕi

Figure 3: Indirect time dependence of parameters

So, in general, we can proceed as follows: find the appropriate state in the state space of the
system at a given moment (xpt0q P Rn), then time-shift it according to the known dynamics
(Γ∆t), and at the end of the process map the result (ϕi) into the parameter space of interest,
often in lower dimension (qptq P Rp).

It is clear that the above procedure, while leading to the correct result, is not at all practical
from a computational point of view, especially in the case of p ! n, because we are performing
steps in high dimensional space, which consumes a lot of resources, perhaps unnecessarily.
Unfortunately, p ! n is almost always the case, since we can explain complex processes through
significantly more variables than we would like to track the change over time.

Still, the ultimate goal of the reduction to the n dimensional model space is to obtain
auxiliary quantities that can be used to determine the functions describing the time dependence
of the quantities qi in question. Thus, the question naturally arises again, whether and exactly
how a time step γi,∆t can be constructed in the new parameter space itself, given the expression
Γi,∆t : R Ñ R? The main problem is that the inverse of the ϕi mapping does not exist in
general, which I will discuss in more detail later in the report. In any case, the goal would be
to complement the diagram 3 with a corresponding γi,∆t time step as indicated in Figure 4.

0 t0 S

Rn Rn ¨ ¨ ¨ Rn

q1pt0q q1pt0 ` ∆tq ¨ ¨ ¨ q1pt0 ` k∆tq

qppt0q qppt0 ` ∆tq ¨ ¨ ¨ qppt0 ` k∆tq

Tt0 τ´1

χ

Γ∆t

ϕ1
ϕp

Γ∆t

ϕ1
ϕp

Γ∆t

ϕ1
ϕp

ϕ1
ϕp

γ1,∆t γ1,∆t γ1,∆t

γp,∆t γp,∆t γp,∆t

Figure 4: Directly specifying the time dependence of the parameters

The solution of the problem can be reduced to finding the corresponding complementary
edge in the mapping diagram represented by the rectangular graph 5, where X and Y are some
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basis spaces (now Euclidean spaces), the mappings Γ and ϕ are known (possibly satisfying
some additional condition, e.g. they are continuous, smooth, analytic of a given order), while
we search for the mapping γ. The problem can be analogous to a case where we have three
spaces and three mappings, two of the latter are known and one is sought, which is also shown
in this figure, in our case with A “ X, B “ Y , C “ Y spaces, and a “ ϕ, b “ ϕ ˝ Γ and c “ γ

mappings.

X X A

Y Y B C

Γ

ϕ ϕ a b

γ
c

Figure 5: The problem equivalent to writing the parameters

In reality, we work with an even more complex procedure. First we collect a lot of data, then
we use them to form some statistical quantities, then we analyze them, possibly by calculating
new averages from a subset of the data, and finally, we arrive at the quantities of interest
to us, which require much less computer memory to store than the data that led to their
determination. For example, we take several measurements, average out the quantities to filter
out ambient noise, then estimate error and exclude data series that would introduce too much
uncertainty. We then derive new quantities, look for correlations between them, and infer the
values of the quantities that are relevant to us from the shape of the resulting correlations. In
the more complex - and realistic - case, we can therefore speak not of a specific mapping, but of
a series of mappings, as illustrated in Figure 6. The solution of this problem can be traced back
to the solution of the problem presented in Figure 5, since the whole sequence of procedures is
basically built up of such elements. This is illustrated in Figure 7.

Rn1 Rn1

Rn2 Rn2 Rn2

...
... Rn3

Rnk Rnk Rnk Rnk

Rnk`1 Rnk`1 Rnk`1 Rnk`1

ϕ1

Γ1

Φ

ϕ1

ϕ2

γ1,1 Γ2

ϕ2 ϕ2

ϕk´1 ϕk´1 ϕk´1 ˝ Γk´1 ˝ ¨ ¨ ¨ ˝ ϕ3 ˝ Γ3ϕk´1

ϕk

γk´1,1 γk´1,2

ϕk ϕk ϕk

γ

γk,1 γk,2

Figure 6: Series of mappings

In what follows, I will consider what we say about the solvability of the problems of the
form 5 in the case where the spaces X and Y are finite-dimensional Euclidean spaces and the
mappings Gamma and phi are continuous, smooth or analytic of some order.
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Rn1

Rnk`1 Rnk`1

ϕ “ ϕk ˝ ¨ ¨ ¨ ˝ ϕ1
ϕk ˝ Γk ¨ ¨ ¨ ˝ ϕ1 ˝ Γ1

γ

Figure 7: Mapping diagram equivalent with diagram 6

We will see later that, for Euclidean model spaces, given p P Rn, ϕ P Ckp pRn,Rmq and
Γ∆t P Ckp pRn,Rnq, it is possible to construct a mapping γ∆t : Rm Ñ Rm such that the diagram
5 is approximately a commutative diagram, i.e., for which γ∆t ˝ ϕ

ˇ

ˇ

p
“ ϕ ˝ Γ∆t

ˇ

ˇ

p
is satisfied to

mod xk`1. Moreover, the procedure used here can be applied even in the case where the model
spaces are (semi)Riemannian manifolds.

To construct the solution we need two notions: one is the notion of Jets, and the other is
the notion of pseudoinverse.

2.3 Jets of mappings between Euclidean spaces

In this section, we remind the reader of the notion of Jets defined in a given point p P Rn, to
enlighten how we can apply the same notions not only to Euclidean spaces but also to systems
modeled with the use of (semi)Riemannian manifolds.

Definition 10. Let p P Rn be a point. We denote by Ckp pRn,Rmq the vector space of functions
f : Rn Ñ Rm that are k-times continuously differentiable at the point p. Let us denote by
„r
pĎ Ckp pRn,Rmq ˆ Ckp pRn,Rmq, r P t0, . . . , ku the equivalence relation defined such that two

functions f, g P Ckp pRn,Rmq are said to be equivalent if their first r ď k derivatives agree in
the point p P Rn, so f „r

p g ðñ f piqppq “ gpiqppq @i P t0, . . . , ru. Then, the quotient space
J k,r
p pRn,Rmq “ Ckp pRn,Rmq{ „r

p of the vector space Ckp pRn,Rmq is called to be its t0, . . . , ku Q r-
th order Jet-space.

Definition 11. The mapping Jk,rp : Ckp pRn,Rmq Ñ J k,r
p pRn,Rmq, Jk,rp f :“ Jk,rp pfq “ rf s

„r
p

is
called the r-th Jet of the function f P Ckp in point p.

Remark. If Rn “ Rm, then we use the simpler notations J k,r
p pRnq and Jk,rp pRnq.

Remark. If r “ k, then we only write down the value of k once in the notation of J k,k
p pRn,Rmq

and Jk,kp , simply referring to them as J k
p pRn,Rmq, Jkp respectively.

Remark. It may happen that we are working with mappings of class Ckp pRn,Rmq for every
point in space, that is, with mapping of class CkpRn,Rmq. In this case, we also write out the
dependence on the point p P Rn for the Jet space and the Jet assigned to the function, since they
denote equivalence classes interpreted at a given point. The cause of restricting the definition
to functions that are continuously differentiable in order k at a given p point is to create much
less restrictive notions for the mappings under consideration, and thus lead to a more general
definition.
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Remark. In the case of smooth C8
p pRn,Rmq and C8pRn,Rmq mappings we write out the 8, so

we use the notations „8
p Ď C8

p pRn,RmqˆC8
p pRn,Rmq for equivalence relations, J 8,r

p pRn,Rmq for
Jet-spaces and Jk,rp : C8

p Ñ J 8,r
p , J8,r

p f :“ J8,r
p pfq “ rf s

„r
p

for Jet-assignment. Then, instead
of J 8,8

p pRn,Rmq and J8,8
p we simply use the versions J 8

p pRn,Rmq for denoting Jet-spaces and
J 8
p to denote Jet-assignment.

Claim 3. For mappings between Euclidean spaces, the r-Jet Jk,rp f assigned to a function f P

Ckp pRn,Rmq is equivalent with the functions r-th order Taylor-polynomial in the point p P Rn.

Definition 12. Let p P Rn and q P Rm be two arbitrary points and consider the k-times
continuously differentiable mappings assigning q to p. Let us denote it by Ckp pRn,Rmqq “ tf P

Ckp pRn,Rmq|fppq “ qu. One can define the Jet space of functions that realize mappings from
a given point p to a point q, namely J k,r

p pRn,Rmqq “ Ckp pRn,Rmqq{ „r
p. Moreover, we denote

a Jet assignment of order t0, . . . , ku Q r of mappings f such as Jk,lp,q, i.e. Jk,lp,q : Ckp pRn,Rmqq Ñ

J k,r
p pRn,Rmqq, J

k,l
p,qf :“ Jk,lp,qpfq “ rf s

„r
p
.

Remark. When considering functions mapping the origin of one space to the origin of the other,
we do not write out the term q “ 0 in the notation of Jet spaces J k,r

0 pRn,Rmq0.

Perhaps the most important operation that can be interpreted in the Jet space is the com-
position of the Jets:

Definition 13. Let p P Rn and f P Ckp pRn,Rmq. Let q “ fppq P Rm and g P ClqpRm,Roq.
Let s “ gpqq P Ro. The mappings Jk,rp : Ckp pRn,Rmq Ñ J k,r

p pRn,Rmq and J l,vq : ClpRm,Roq Ñ

J l,v
q pRm,Roq are well defined. Let u “ mintk, lu, then Jk,rp and J l,vq are known to define for

all z P t0, . . . , uu the well-defined composition operation ‹ : J u,z
p pRn,Rmqq ˆ J u,z

q pRm,Roqs Ñ

J u,z
p pRn,Roqs, J

u,z
q,s g ‹ Ju,zp,q f :“ Ju,zp,s pf ˝ gq. This ‹ operation is called the composition of the

corresponding Jets.

In general, the equality of kJets is a weaker constraint than the equality of mappings.
However, if we are talking about smooth and analytic functions, then the two are equivalent,
as stated by

Theorem 4. Let E1 and E2 be two Euclidean spaces and Φ, ζ P C8pE1, E2q be two smooth and
analytic mappings. Then, the satisfaction of J8

p Φ “ J8
p ζ is equivalent to Φ “ ζ on the domain

DompΦq X Dompζq.

2.4 The concept of linear pseudoinverse and Moore-Penrose pseu-

doinverse

For the problem formulated in the previous sections, we can give a trivial solution if the spaces
in question are of the same dimension and the mapping between them is bijective. However,
this is usually not the case, the dimensions of the two spaces are different, or, even if they are
identical, the image of the mapping between them is already lower dimensional. Therefore, it
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is very useful to have procedures that can give a generalized inverse for mappings into lower
dimensions that can satisfy certain optimality conditions, (usually the minimization of a norm).

If the spaces in question are Euclidean spaces and the mapping between them is linear, then,
by choosing a basis in both spaces, the corresponding mapping can be represented by a matrix
with real entries. There is considerable literature on this problem with one of its fundamental
work being [1], in which Penrose proves that every such matrix has a pseudoinverse:

Theorem 5. Let E1, E2 be two finite-dimensional Euclidean spaces and A : E1 Ñ E2 be a linear
mapping. Let n “ dim E1,m “ dim E2. Consider an arbitrary basis of the spaces E1 and E2, on
which we represent the mapping A as a real matrix A P MpRqm,n. Then there uniquely exists
a matrix A` P MpRqn,m for which the following four conditions are satisfied:

• AA`A “ A and A`AA` “ A`

• pAA`q˚ “ AA` and pAA`Aq˚ “ A`A

Definition 14. The matrix A` in Theorem 5 is called the Moore-Penrose pseudoinverse of the
matrix A.

Claim 6. If the matrix A in Theorem 5 is such that the matrix A˚A P MpRqm,m is invertible,
then A` “ pA˚Aq´1A˚, and A` is also the left inverse of A, i.e. A`A “ 1m,m. Similarly, if the
matrix AA˚ P MpRqn,n is invertible, then A` “ A˚pAA˚q´1, and the right inverse of A is A`

since AA` “ 1n,n.

3 Solution with Ck, k P t1, . . . ,8u class mappings

3.1 Construction of the solution

Definition 15. Let Φ : E1 Ñ E2 a mapping between two Euclidean spaces, k P N and let
CDomkpΦq “ tp P E1|Φ P Ckp pE1, E2qu be the set containing all the points p P E1 where the
function Φ is Ckp pE1, E2q.

Definition 16. Let Φ : E1 Ñ E2 be a mapping between two Euclidean spaces, k P N and q P E2.
Let CDomk,qpΦq “ CDomkpΦq X tp P E1|Φppq “ qu be the set containing all the points p P E1,
where the function Φ is Ckp pE1, E2q and where the function takes the value q.

The following theorem is one of the main results of this thesis.

Theorem 7. Let E1 « Rn and E2 « Rm be two Euclidean spaces, Γ : E1 Ñ E1 and ϕ, ψ : E1 Ñ E2
be three mappings. Let k P N and p P CDomkpΓq X CDomk,0pϕq Ď E1 be such that Γppq P

CDomk,0pψq is satisfied. Let ϕp1q
p :“ Bp1qϕppq denote the first derivative of the mapping ϕ at the

point p, which is a linear mapping of type E1 Ñ E2. Let φp be the right pseudoinverse of the linear
mapping ϕp1q

p , which is a linear mapping of the form E2 Ñ E1, and ϕp1q
p ˝ φp “ id E1 is satisfied.
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Let us introduce the following continuous (and hence bounded) γpiq
ϕppq

: biE2 Ñ E2, i P t0, . . . , ku

multilinear mappings:

γ
piq
ϕppq

“

»

–

j
ÿ

s“0

ψ
psq

Γppq

ÿ

ΞPP0ps,iq

ΓpbΞq
p ´

l´1
ÿ

s“0

γ
psq

ϕppq

ÿ

σPP ps,iq

ϕpbσq
p

fi

fl

“

φbi
p

‰

, i P t0, . . . , ju,

where ψpjq
q , ϕpjq

q and Γ
pjq
q denote the j-th term of the multilinear decomposition of the functions ψ,

ϕ and Γ at the q point. Moreover, P0ps, iq is the set pl1, . . . lsq P Ni
0 for which l1`¨ ¨ ¨`ls “ i, while

P ps, iq is the set pl1, . . . lsq P Ni for which l1`¨ ¨ ¨`ls “ i. Let γpiq
ϕppq

denote the t1, . . . , ku Q jth sub-
sum of the mappings γϕppq,j “

řj
i“0 γ

piq
ϕppq

. Defined in this way, γϕppq,j : E2 Ñ E2 is a continuous
and bounded mapping satisfying Jk,jp

`

γϕppq,j ˝ ϕ
˘

“ Jk,jp pψ ˝ Γq for all j P t1, . . . , ku.

Remark. A special case of the Theorem 7 appeared in the example of model reduction of time-
evolving systems when ψ “ ϕ is satisfied.

Remark. Every quantity γpiq
ϕppq

in Theorem 7 is bounded, i.e., there exist Ci P R such that

@y P Rm :
∥∥∥γpiq

ϕppq

`

yˆi
˘

∥∥∥ ď Ci ∥y∥i

is satisfied, so that the j-th subtotal sum satisfies the

∥∥γj,ϕppqpyq
∥∥ “

∥∥∥sumj
i“0γ

piq
ϕppq

pybi
q

∥∥∥ ď

j
ÿ

i“0

∥∥∥γpiq
ϕppq

pybi
q

∥∥∥ ď

j
ÿ

i“0

Ci ∥y∥i

inequality. Thus, for smooth and analytic mappings ϕ and Γ, the right-hand side estimate will
be a power series with convergence radius R

R “

$

’

’

’

&

’

’

’

%

1

lim sup
i?
Ci

, if lim sup
i?
Ci P p0,8q

0, if lim sup
i?
Ci “ 8

8, if lim sup
i?
Ci “ 0

As a consequence, the following can be stated

Theorem 8. Let E1 “ Rn and E2 “ Rm be two Euclidean spaces, Γ : E1 Ñ E1, ϕ, ψ : E1 Ñ

E2 three mappings, k P N and p P E1 such that the conditions of Theorem 7 are satisfied.
The Theorem 7 states that the N Q j-th subsum of the γ

piq
ϕppq

mappings are continuous and
bounded mappings satisfying Jk,jp

`

γϕppq,j ˝ ϕ
˘

“ Jk,jp pϕ ˝ γq for all j P N. The sequence γϕppq,j is
pointwisely convergent on the set BRpϕppqq “ ty P Rm|dRmpy, ϕppqq ă Ru and divergent beyond
BRpϕppqq “ ty P Rm|dRmpy, ϕppqq ă Ru, where

R “

$

’

’

’

&

’

’

’

%

1

lim sup
i?
Ci

, if lim sup
i?
Ci P p0,8q

0, if lim sup
i?
Ci “ 8

8, if lim sup
i?
Ci “ 0.



3 SOLUTION WITH Ck, k P t1, . . . ,8u CLASS MAPPINGS 18

Remark. Notice that in the Theorem 7, the equality Jk,jp
`

γϕppq,j ˝ ϕ
˘

“ Jk,jp pϕ ˝ Γq is weaker
than saying that γϕppq,j ˝ ϕpqq “ ϕ ˝ Γpqq@q P Rn, ϕpqq P Dompγϕppq,jq. But, the extent of the
discrepancy can be estimated, as captured by

Theorem 9. Let ϕ, ψ and Γ satisfy the conditions of Theorem 7 and let γϕppq,j “
řj
i“0 γ

piq
ϕppq

,
j P t0, . . . , ku be the j-th subsum of the constructed Ck`1pE2, E2q continuous mapping. Let Q “

tq P Rn, ϕpqq P CDomjpγj,ϕppqqu denote the set of all points in E1 that the mapping ϕ maps to
the domain of γj,ϕppq. Then for @q P Q

∥∥γj,ϕppq ˝ ϕpqq ´ ψ ˝ Γpqq
∥∥ ď

∥ϕpqq ´ ϕppq∥pj`1q

pj ` 1q!
¨ sup
uPQ

∥∥pψ ˝ Γq
pj`1q

puq ´ pψ ˝ Γq
pj`1q

ppq
∥∥

is satisfied.

Remark. The best approximation, for which we can still estimate an error given the derivatives,
is the k-th sub-sum itself, for which:

∥∥γk,ϕppq ˝ ϕpqq ´ ϕ ˝ Γpqq
∥∥ ď

∥ϕpqq ´ ϕppq∥pk`1q

pk ` 1q!
¨ sup
uPQ

∥∥pψ ˝ Γq
pk`1q

puq ´ pψ ˝ Γq
pk`1q

ppq
∥∥

The best estimate may also be good if the image of ψ ˝ Γ is bounded, because then we can
estimate the largest error in the application of the mapping γk,ϕppq, namely:

Theorem 10. Let E1 “ Rn and E2 “ Rm be two Euclidean spaces, Γ : E1 Ñ E1 and ϕ, ψ : E1 Ñ

E2 three mappings, and denote by A the set of points p P CDomkpΓq X CDomk,0pϕq Ď E1 such
that Γppq P CDomk,0pψq is satisfied, i.e:

A “ tp P CDomkpΓq X CDomk,0pϕq Ď E1|Γppq P CDomk,0pψqu

Let p P A be arbitrary. If pψ ˝ Γq rAs is bounded, then there exists an error estimate for the
full approximation depending only on the chosen point p, namely:

∥pγk ˝ ϕ ´ ψ ˝ Γq puq∥ ď sup
qPA

«

∥ϕpqq ´ ϕppq∥pk`1q

pk ` 1q!
¨ sup
uPpψ˝ΓqrAs

∥∥pψ ˝ Γq
pk`1q

puq ´ pψ ˝ Γq
pk`1q

ppq
∥∥ff

Remark. An important consequence of the Theorem 10 is that we can choose a point p P A for
which the violation of the relation γ ˝ ϕ “ ψ ˝ Γ is guaranteed to be minimal, and which will
give the best approximation for a given order k:

inf
pPA

sup
qPA

«

∥ϕpqq ´ ϕppq∥pk`1q

pk ` 1q!
¨ sup
uPpψ˝ΓqrAs

∥∥pψ ˝ Γq
pk`1q

puq ´ pψ ˝ Γq
pk`1q

ppq
∥∥ff

A corollary of Theorem 9 is that if the mappings ϕ, ψ and Γ are smooth and analytic, then
γϕppq ˝ ϕ “ ψ ˝ Γ is satisfied for all corresponding p, as stated by
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Theorem 11. Let p P E1 be a point, Γ and ϕ, ψ be smooth and analytic mappings satisfying
the conditions of the theorem 7. Let K denote the following set:

K “ tq P E1|q P CDom8pΓq X CDom8,0pϕq, Γpqq P CDom8pψq dE2pϕpqq, ϕppqq ă Ru,

where R denotes the radius of convergence in the Theorem 8. Then, the function γϕppq con-
structed in Theorem 7 satisfies γϕppq ˝ ϕ “ ψ ˝ Γ at every point p P K.

If the mappings ϕ and ψ are indentical, the following can be asserted under the Theorem
11 for analytic Γ and ϕ:

Theorem 12. Let p P E1 be a point, Γ and ϕ, ψ be the smooth and analytic mappings satisfying
the conditions of Theorem 7, and let K be again the set given in Theorem 11. If the set K is
closed for the mapping Γ, i.e. @p P K : Γppq P K or else Γ

ˇ

ˇ

K
P AutpKq, then the function γϕppq

constructed in Theorem 7 satisfies γkϕppq
˝ ϕ “ ϕ ˝ Γk at every point p P K and for every k P N,

where by the k-th power of a given mapping we mean its k-fold composition with itself. In other
words, the diagram in Figure 8 is commutative.

E1 E1 ¨ ¨ ¨ E1

E2 E2 ¨ ¨ ¨ E2

Γ

ϕ

Γ

ϕ

Γ

ϕϕ ϕ
γ γ γ

Figure 8: Commutative diagram with smooth and analytic Γ and ϕ

Remark. The very strong restrictions of the previous theorems can be relaxed so that the
resulting procedure can still be computationally useful. Let E1 “ Rn and E3 “ Rl be two
Euclidean spaces, p P E1 a point and k P N arbitrary. Let Γ : E1 Ñ E1 be such that p P

CDom8pΓq and Φ,Ψ : E1 Ñ E3 are two arbitrary mappings. Let E2 “ Rm also be a Euclidean
space and suppose that there exists a pair of mappings Φ,Ψ : E1 Ñ E2 and α, β : E2 Ñ E3 such
that p P CDom80pϕq and Γppq P CDom8pψq, respectively, and Φ “ α ˝ ϕ and Ψ “ β ˝ ψ are
satisfied. Denote by K the following set:

K “ tq P E1|q P CDom8pΓq X CDom8,0pϕq, Γpqq P CDom8pψq dE2pϕpqq, ϕppqq ă Ru,

where R denotes the convergence radius in the Theorem 8. Then, with the use of Theorem 7
and the mappings Γ, ψ, ϕ we can construct a mapping γϕppq which satisfies

“

γϕppq ˝ ϕ
‰

“ rψ ˝ Γs

on the set K, i.e., for which the diagram in Figure 9 is commutative.

E1 E1

E2 E2

E3 E3

Γ

ϕ

Φ

ψ

Ψ
γ

α β

Figure 9: Commutative diagram for smooth and analytic Γ, ψ and ϕ, given mappings Φ,Ψ
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Specifically, if ϕ “ ψ is satisfied, then more can be said, as recorded by

Theorem 13. Let E1 “ Rn and E3 “ Rl be two Euclidean spaces, p P E1 a point and k P N
arbitrary. Let Γ : E1 Ñ E1 be such that p P CDom8pΓq and Φ : E1 Ñ E3 be an arbitrary
mapping. Let E2 “ Rm also be a Euclidean space and suppose that there exists ϕ : E1 Ñ E2 and
α : E2 Ñ E3 such that p P CDom80pϕq and Γppq P CDom8pϕq and Φ “ α ˝ ϕ, respectively, are
satisfied. Denote by K the following set:

K “ tq P E1|q P CDom8pΓq X CDom8,0pϕq, Γpqq P CDom8pϕq dE2pϕpqq, ϕppqq ă Ru,

where R denotes the convergence radius in the Theorem 8. Then, the mapping γϕppq constructed
in Theorem 7 satisfies

“

α ˝ γϕppq ˝ ϕ
‰

“ rΨ ˝ Γs on the set K. In other words, the diagram on
Figure 10 is commutative.

E1 E1

E2 E2

E3

Γ

ϕ ϕ

Φ
γ

α

Figure 10: Commutative diagram for smooth and analytic Γ and ϕ, given Φ

By combining this result with Theorem 12, we get to

Theorem 14. For Γ and ϕ satisfying the conditions of Theorem 13, the diagram in Figure 11
is commutative for all N Q k, that is, α ˝ γkϕppq

˝ ϕ “ Φ ˝ Γk is satisfied.

E1 E1 ¨ ¨ ¨ E1

E2 E2 ¨ ¨ ¨ E2

E3

Γ

ϕ

Γ

ϕ

Γ

ϕϕ ϕ

Φ
γ γ γ

α

Figure 11: Commutative diagram for smooth and analytic Γ and ϕ, given Φ

Remark. The Theorem 14 can be very useful for applications, especially if l ă m ! n is
satisfied, since then an important reduction of the problem can be realized: instead of performing
computations in E1, it is sufficient to perform the corresponding computations in the much
smaller dimensional space E2.

3.2 Newton and the picture of the Euclidean world

With this chapter I would like to conclude my brief discussion of systems modelled with Eu-
clidean spaces. Science has long since moved beyond the practice of modeling as an embedding
in proper dimensional Euclidean spaces. Although Euclidean model spaces are still the most
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common starting point for modelling, this is mainly due to practical considerations and not
to theoretical constraints. Very briefly, I will say a few words about how the confrontation of
the geometric principles of the scientific framework built up in the 17th century with everyday
experience ultimately led to the construction of a more general concept of space: topological,
smooth and Riemannian manifolds. In many ways, these spaces can be regarded as the result
of a desire for more natural ways of formulating scientific reasoning, rather than of formal
generalizations.

People have always created models of the world, which later shaped their everyday lives,
beliefs and habits. Scientific thinking developed alongside critical thinking, and its slow change
was largely determined by social conditions. The birth of modern science is associated with
Newton, who published his book The Mathematical Foundations of Natural Philosophy, or
Principia, on 5 July 1686. Newton himself regarded his achievement as a philosophical work:
in a note on gravitation added to the end of the third book of his Principia in 1713, he
invokes physics as an experimental philosophy (see quote 3.2). Newton’s three laws are thus first
and foremost an extraordinary philosophical success since they made measurable the concepts
associated with the motion of things.

It is not an exaggeration to say that Principia also represented a new philosophical atti-
tude. Descartes, in order to establish a new scientific attitude that could break away from the
Aristotelian world-view, put doubt at the forefront and, starting from the apparent certainty of
human consciousness, approached the external world from the perspective of the human being.
By contrast, Newton’s philosophy in a sense privileged the perceived world, accepted its ob-
jective existence (justified by his strong belief in God) and focused primarily on the questions
of philosophy that he saw a chance to answer through his own framework. Newton’s laws of
mechanics frame the repeated observation that, under given conditions, the motion of bodies
can change. The answer to the question of why motion repeats itself in a regular way seemed
obvious: the highly religious man of the 17th century accepted as an obvious fact that objects
are not capable of deciding their own fate, and therefore their own motion. They are mere
sufferers of the will of those possessing spirit (human) . It seemed natural, therefore, why we
could throw a stone (within the capacity of our muscles or catapults) at any initial speed and
angle, and why the stone would then follow such a regular course again and again. For the
stone, being without will-power, is bound to follow the same course as the stones that preceded
it. The movement in this description is characterized by two quantities: the extent to which the
position of the body changes, and the massiveness of the body that performs the movement
1. However, to treat straight-line uniform motion as a natural trajectory is counter-intuitive in
a world where moving objects (in our everyday environment) follow parabolic paths. Newton

1Suppose that there exists a t global time, against which we measure a time T ptq with our own clock. As
a function of this, we want to describe the one-dimensional motion of a body moving in a straight line in
absolute time. Then, if the time read by our clock is continuously but nonlinearly dependent on absolute time,
an apparent new force appears in the system, which must be taken into account in its description (see [2] on
page 26):

0 “
d2x

dt
“

d

dt

ˆ

dT

dt

dx

dT

˙

“
d2T

dt2
dx

dT
`

ˆ

dT

dt

˙2
d2x

dT 2
Ñ F “ m

d2x

dT 2
“ ´m

d2T
dt2

dx
dT

`

dT
dt

˘2
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explained this discrepancy with a proper definition of force: whenever (but not only when) a
body deviates from its natural straight-line uniform motion, it does so because of the presence
of, and motion of, a surrounding body. A natural implication of this picture is that the motion
depends only on (1) the position of other bodies and (2) the motion of other bodies, i.e. there
can be no derivative of greater order present in a physical model of the motion 2. At the same
time, the phenomenon of gravity seems to contradict this picture, since soulless bodies (planets)
do not touch each other and are not apparently moved by entities with souls (see Feynman and
the angels [3]).

The clash between the philosophical principles behind the framework and the mathematical
principles that formulated it is best illustrated by the fact that Newton himself was puzzled
by the phenomenon of gravity, which is responsible for the appearance of parabolic orbits in
our environment, as the quote in 3.2 shows. With all this in mind, it was a natural desire to
investigate possible additional frameworks in which the preferred trajectories of motion could
deviate from the straight line, opening the way to a more natural description of our physical
observations.

"I have not been able to discover the cause of those properties of gravity from phenomena, and
I frame no hypotheses; for whatever is not reduced from the phenomena is to be called an
hypothesis; and hypotheses... have no place in experimental philosophy... And to us it is

enough that gravity really exist, and act according to the laws which we have explained, and
abundantly serves to account for all motions of the celestial bodies, and of our sea."

(Quote from Newton. Source: [2], p. 40)

"That one body can act on another at a distance through a vacuum, without the mediation of
any thing else, by and through which their action and force may be conveyed from one thing to

another, is to me so great an absurdity, that I believe no man, who has in philosophical
matters a competent faculty of thinking, can ever fall into.

(Quote from Newton. Source: [2], p. 41)

4 (Pseudo)Riemannian systems

4.1 Physical motivation: preferred trajectories of bodies

The introduction of Riemann geometry into physics was motivated in large part by the problem
of bodies moving in gravitational space. If we leave a given body alone, we find that it will
move. In describing the motion of bodies, it is of considerable (practical) help to know the paths
that abandoned bodies seem to follow, since - if we accept that no effects really act on bodies
that are free by virtue of their abandonment in the motion we perceive (which is in some ways
a matter of conviction, because there are no bodies actually abandoned) - these paths give the

2The validity of this assumption from a modelling point of view has been widely studied. One possible
argument against the inclusion of higher derivatives is the potential occurrence of Ostrogradsky instability in
classical mechanical systems that may contain higher than second derivative terms in their equations of motion.
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motion in the absence of (interactions). These trajectories are called the natural trajectories of
motion.

As discussed in the previous chapter, in the worldview of classical mechanics, the natural
trajectories of motion are straight: we assume that there exist reference frames in which all
the bodies left behind have a uniform motion in a straight line. Straight-line motion is more
tractable than the assumption of uniformity; the latter requires a proper definition of global
time, which we can do (see [2], Chapter 1.5.). This would lead us to think that all bodies would
have a straight-line uniform motion, from which they would only deviate if acted upon by a
force. This indeed brings us to a (classically) correct description of motion, Newton’s laws.
However, these involve the most essential assumption of the physical definition of force, that it
is perceptible when the motion of a body deviates from the straight-line path we have chosen
as the natural path of free bodies. Note that this choice, although well supported empirically,
is arbitrary: if we were to consider all bodies left alone as having oscillatory motion, we would
define force as the effects that deflect the body from its natural path, thus chosen. Then the
trajectory of a body moving in a straight line in space could be explained in such a way that,
even in the absence of matter (i.e. in the absence of direct interaction), there is a mysterious
force at every point in space that deflects the body from its natural trajectory.

The determination of natural trajectories is arbitrary, governed by dominant influences in
our physical environment. It is easy to imagine a world in which it makes practical sense to
choose a different natural motion. For example, if we were living in a uniformly accelerated
world (we live in it to a good approximation, at least a much better approximation than in a
non-accelerated one), i.e. we gave all bodies in our sensible environment the same acceleration,
then the paths that were straight until then would be modified in some way: they might remain
straight, but the motion along them would no longer be smooth, and in general, the new paths
would not be straight at all. However, we would always find that bodies left to themselves, free,
would follow the resulting trajectories, and for describing processes in our environment it would
be not only more convenient but also a rational choice to consider them as natural trajectories
of motion. Then the question would be whether the natural trajectories of motion are in fact
the ones we experience, or whether we live in a world subject to constant acceleration: one
could build physical concepts on both.

If we are free to choose what we consider to be the natural trajectories of bodies, the
question is: what is worthwhile? According to Newton’s law of gravity, any body placed in a
gravitational field is subject to a force proportional to its own mass, so that it will experience
the same acceleration field regardless of its mass:

ma “ ´ γ
loomoon

«m

∇Φ “ ´m
GM

r2
r̂ Ñ a “ ´∇Φ, (1)

where Φ “ GM
r

is the gravitational potential. Strictly speaking, two different quantities related
to the body should appear on the two sides: the mass m expressing the resistance to the
forces and a coefficient gamma mediating the gravitational effect. However, since experimental
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experience shows that the two agree within a very small error, it is at least worth reflecting
on the universality of gravitational acceleration: if gravitational acceleration manifests itself
as the same acceleration for all bodies, then in its presence all bodies left behind will move
along identical (usually non-uniform) trajectories (usually not in a straight line) unless some
additional force is applied.

There is therefore a mysterious force at every point in space that deflects bodies moving in
space from their natural orbits. This phenomenon has been known for centuries. Of course, in
the spirit of Newtonian inertia systems, we are entitled to think of it as a ubiquitous, space-
and time-dependent acceleration field that constantly deflects all bodies from their natural,
straight-line, uniform path of motion. If we want to give a practical description of the world in
which gravitational effects appear - and they do appear in our world - it is worth choosing as
the natural trajectories of motion the trajectories followed by bodies moving in gravitational
space free (not subject to other forces) and building physics on that. From this point of view,
the Newtonian framework adapted the natural orbits to the asymptotic behaviour of a freely
moving body far from gravitational influences, i.e. to straight-line motion, which is a possible
but not the most obvious choice.

After the enthusiastic analogy between location-dependent acceleration fields and the case
of gravity, it is worth wondering how seriously this analogy can be taken. As the reader will have
noticed, we have tacitly overlooked some important details as a price for making the similarities
apparent. The first is that the bodies themselves create a gravitational field around themselves,
thus modifying the acceleration field, which the previous line of thought overlooks. However,
we are interested in the cases where the gravitational field is not significantly modified by the
inserted bodies, so in the thought experiment we model a configuration of gravitational systems
where there is no feedback: accordingly, we consider test bodies with infinitely small masses,
and the gravitational field they generate is ignored. Emphasize that the aim here is really to
consider that there is no repercussion, although the conventionally accepted principle of action-
reaction is the reason for invoking the abstraction of an infinitely small body of mass, which
probably cannot exist in itself. Yet it is not at all unphysical to pick one of the two members
of an interaction - for example, in modelling nonequilibrium systems [4] - as long as you keep
in mind the circumstances and the purposes of the assumptions.

To understand the second essential difference, recall that all accelerations add a second-
order contribution to the motions (for a proof of this, see pages 87-89), locally no effects from
acceleration are detectable. Of course, the locality here is determined by the magnitude of the
curvature in the domain: practically, we draw the line between the narrow environment and the
wide environment where the second-order effects, although with some order of magnitude differ-
ence, become detectable alongside the local effects. If we accept the universality of the physical
laws we perceive, then in the narrow environment of any point, the rules of special relativity
must prevail, and therefore spacetime must be described locally by the Minkowski model of
spacetime. Emphasis added, locally cannot distinguish between gravitational and arbitrary ac-
celeration fields. So, another important difference between body-independent acceleration fields
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and gravitational fields is that the latter satisfies global rules, for example, spherically symmet-
ric around a motionless spherically symmetric object, which can be detected by measurement,
but requires probing in domains where not only does the gravitational field have appreciable
effects, but the metric is not considered constant. This also means that there will no longer be
a physically constructable global coordinate system, since gravity prevents us from interpreting
the distance between two distant bodies. In Euclidean spaces, this was possible because there
was a clear correspondence between pairs of points and measurable (normable) quantities, vec-
tors, which also gave the shortest path; thus the distance between two arbitrary point bodies
became definable. However, if we start to deform the space, we are forced to rely on locally
interpretable distances, from which, in the case of a connected space, global paths between
arbitrary points can be constructed, but the further unambiguous connection between pairs of
points and the shortest curves connecting them, consistent with the continuous deformation of
the space, is lost due to the change of the metric. In conclusion, given also the lack of covariant
simultaneity, we have to abandon the modeling of the environmental structure of space by dis-
tances. However, even though we cannot quantify the distance between two arbitrary points,
we can consistently assert that they are in each other’s neighbourhood, and we can physically
interpret the notion of a neighbourhood in terms of the degree of interaction between two
bodies.

The notion of spaces where we specify environments in addition to points, but cannot
necessarily assign them a distance concept, leads to the notion of topological spaces. In physical
terms, this is equivalent to the realisation that the concept of distance is generally degraded
to a useful concept that no longer has a global physical meaning. Instead, what remains is the
really relevant information: local systems of connections that, accepting the locality of physics,
are fully physical.

4.2 Topological spaces, topological and smooth manifolds

As stated in the previous section, even though we cannot quantify the distance between two
arbitrary points, we can consistently assert that they are in each other’s neighborhood. If we
look for a physical motivation for this question, we can say that we can still interpret the notion
of the environment in terms of the interaction between two bodies.

Spaces where we specify neighborhoods in addition to points, but cannot necessarily intro-
duce a notion of distance, are called topological spaces. In the following, we briefly summarize
the relevant definitions (for details see [5], [6]).

Definition 17. Let X be a set. A topology τ on X is a collection of subsets of the set X, called
open sets, for which the following is satisfied:

1. X,∅ P τ , i.e. the entire space and the empty set are open,
2. @tUi P τuiPI :

Ť

i Ui P τ , where I is an index set, i.e. the union of arbitrarily many open
sets is also open,
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3. @tUi P τuni“1 :
Ş

i Ui P τ , where n P N, i.e. the intersection of finitely many open sets is
also open.

Then we call the pair pX, τq a topological space. Moreover, the collection B Ă τ of a topological
space pX, τq is called a base of a topological space pX, τq if every open set @U P τ can be written
as a union of elements in B.

When proving the uniqueness of our limit of convergent sequences in metric spaces, we
exploit the fact that two elements with zero distance are identical. In a general topological
space, several distinct elements can have identical neighborhoods, but we can require that this
never happens. Such topological spaces are called Haussdorff spaces:

Definition 18. A topological space pX, τq is Haussdorff property if every distinct point of it
has a disjoint neighborhood.

In geometry, congruence denotes equivalence. Two topological spaces are equivalent if they
are connected by a homeomorphism. This concept can be used to formulate what it means when
a topological space is locally Euclidean:

Definition 19. A pM, τq topological space is locally Euclidean if @pointsp P M there exists a
neighborhood U P τ for which there exists a homeomorphism ϕ : U Ñ Rm. Then we say that
the topological space is m-dimensional.

A basic requirement for many models of systems under practical investigation is that each
point has an environment of the same dimension, a clear notion of convergence, and a countable
basis (for integration). Thus we obtain the definition of a topological manifold:

Definition 20. A locally Euclidean topological space of dimension m with countable basis and
Haussdorff property is called a topological m-manifold.

When constructing manifolds, we have to give up many familiar global notions. For an
arbitrary manifold, there is usually no global coordinate system, so to apply our algebraic and
analytic notions built in Euclidean spaces to topological manifolds, we should first introduce
coordinates.

Definition 21. Let M be a topological m-manifold and let U P τ be an open set of M , and
let ϕ : U Ñ Rm be a homeomorphism. Then we call the pair pU, ϕq a coordinate map, or simply
map, and the pair pϕpUq, ϕ´1q a (local) parameterization. A map is called centered on p P U

if ϕppq “ 0. The mapping ϕ is called coordinate, and ϕppq “ px1ppq, . . . , xmppqq is defined by
txi : U Ñ Rumi“1 are called (local) coordinates.

Some points of a given manifold may be covered by more than one map, in which case we
expect the two covers to be compatible in the sense that each transfer function is continuous
(smooth):
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Definition 22. Let M be a topological manifold m and pU, ϕq, pV, ψq be two mappings such
that U X V ‰ ∅. The two mappings are said to be Ck order compatible if @x P ϕrU X V s is
ψ˝ϕ´1 : Rm Ñ Rm or @y P ψrUXV s for ϕ˝ψ´1 : Rm Ñ Rm are Ck functions, i.e., all derivatives
of order r ď k P N Y t8u exist and are continuous. Maps that are compatible in order C8 are
called smoothly compatible.

We want to map a manifold so that all its maps are compatible in some order. This is why
we introduce the concept of an atlas:

Definition 23. Let M be a topological m-manifold and tUiuiPI be an open cover of M and
k P N . Then we call A “ tpUi, ϕiquiPI a Ck atlas if each mapping pairwise Ck is compatible.
The atlas C8 is called smooth atlas. An atlas Ck is maximal if it is not part of any other atlas
Ck, i.e., it contains all compatible mappings.

If we want to define the differential and integral calculus for manifolds, which we have
learned in Euclidean spaces, we can do so via the maps. Therefore, it is very important to work
with manifolds where these maps are highly order compatible. This leads to the introduction
of the notion of a differentiable manifold:

Definition 24. A pair pM,Aq is called a Ck-manifold or simply a differentiable m-manifold if
M is a topologicalm-manifold and A is an associated atlas of order Ck. We call the C8-manifolds
smooth m-manifolds.

4.3 Tangent space, tangent bundle. Vector and tensor fields

In the classical, geometric picture, a vector is a directed line drawn between two points, i.e. a
bilocal object; if we wanted to carry this picture further, we would get the geodesic concept
of a vector connecting two points, which need not exist or be explicit in the general case.
Rather than an image of a vector pointing from somewhere to somewhere, it is more efficient
to understand what a vector space is: given some (linearly) independent directions, we can
introduce a formal linear combination of them to obtain a complete closed space. In the absence
of global coordinates, we cannot expect a global vector space to exist over the manifold, so we
introduce a separate vector space at each point, called a tangent space. Not surprisingly, on
smooth manifolds, these objects will be born from smooth mappings:

Definition 25. Let M and N be two smooth m´, n´manifolds. We say that the mapping
f : M Ñ N is smooth if for every point p P M there exist mappings pU, ϕq and pV, ψq such
that if p P U , fppq P V and f rU s Ď V , then h “ ψ ˝ f ˝ ϕ´1, h : ϕpUq Ă Rm Ñ ψpV q Ă Rn is a
smooth mapping.

Remark. In usual notation, FpM,Nq “ tf :M Ñ Nu, or FpMq :“ FpM,Rq. In the following,
it is customary to use simply FpMq instead of CkpM,Rq. On smooth manifolds, this corresponds
to weighting the elements of the vector spaces not by smooth but by only CkpMq functions for
some k P N, which gives more freedom for physical applications, so that we do not consider
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only smooth mappings as functions on M . The set of smooth real mappings over M is defined
as C8pMq “ tf :M Ñ R|f smoothu.

The vector space C8pMq is obtained by the usual addition and scalar multiplication of
functions. However, these are defined on the full manifold, so we can introduce linear mappings
that assign real numbers to them at each point.

Definition 26. Let M be a smooth manifold and p P M a point. We call the linear mapping
vp : C8pMq Ñ R a p-derivation if the following is satisfied:

@f, g P C8
pMq : vppfgq “ fppq ¨ vppgq ` gppq ¨ vppfq

Definition 27. We denote the set of all p-derivations of C8pMq by TppMq and call it the
tangent space in p of the manifold M . We call the elements of TppMq the tangent vectors of
TppMq. Given the set of tangent spaces associated with each point of the manifold, we obtain
the tangent bundle:

T pMq “
ž

pPM

TppMq “ tpp, vq|p P M, v P TppMqu

Remark. There exists a natural projection from T pMq to M , which assigns to an element of
the tangent bundle the point at which it encodes a given vector:

π : T pMq Ñ M, @pp, vq P T pMq : pp, vq
π

ÞÑ p P M

Remark. We have a vector space at each point of the manifold, and using it we can construct
tensor fields of type pk, lq denoted by T

pk,lq
p pMq at each point of the manifold, starting from

TppMq and its dual, using the usual operations. Similar to the definition of T pMq, a disjoint
union can be used to generate tangent tensor bundles of pk, lq-type, each of which has a natural
πpk,lq : T pk,lqpMq Ñ M projection, similar to the tangent bundle. The T pk,lqpMq is itself a
manifold for each k, l P N.

In applications, we work with tensor fields: at each point, we choose a single tensor from the
available infinitely many. We say that we separate the tangent tensor beam, that is, we select
exactly as many of its elements as there are points in M such that each point has a tensor
defined at that point:

Definition 28. If M is a smooth m-manifold and T pk,lqpMq is the pk, lq-type tensor beam of
the tangent pk, lq, then the mapping sk,l : M Ñ T pk,lqpMq is called a section if πpk,lq ˝ s “ idM .
Specifically, the set of all vector fields interpreted on a manifold is X pMq “ tX : M Ñ

T pMq|Xis sectionu.

Remark. A vector field X P X pMq defines a mapping Xp : C8pMq Ñ R at each point p P M

of the manifold M , explicitly. Thus, we can define the action of a vector field X P X pMq on a
function f P C8pMq “ C8pM,Rq, which assigns a number to each point of the manifold. The
result is therefore itself a smooth mapping from the manifold to R:
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Xpfq :M Ñ C8
pM,Rq, @p P M : rXpfqsppq “ Xppfq P R

Remark. For every TppMq P T pMq in a tangent space, we can define an arbitrary basis. It
is a practical expectation that these vary continuously, so we consider smooth vector fields
tBi P X pMqumi“1 which form a basis in the tangent space of all points of the manifold. Then all
vector fields can be expressed in terms of this basis, but this time the bases themselves change
with the coefficients.

Remark. Let M be a smooth manifold m. Then, for any point p P M of the manifold, with
fixed ϕppq “ px1ppq, . . . , xmppqq, the

B

Bx1

ˇ

ˇ

ˇ

ˇ

p

, . . . ,
B

Bxm

ˇ

ˇ

ˇ

ˇ

p

: C8
pMq Ñ R,

B

Bxi

ˇ

ˇ

ˇ

ˇ

p

pfq :“
Bf

Bxi
ppq

derivations form a basis in TppMq. The expression of a vector field on the above basis is called
a coordinate expression.

An interesting corollary of the above is that in order to extend the local laws we perceive
to a space modeled by a manifold (e.g., in general relativity, we can expect the model of the
Universe to locally exhibit the laws of special relativity at every point), we can only rely on
boundary-free smooth manifolds, since in the case of a manifolds-with-boundary, the boundary
points have a lower dimensional neighborhood that would violate the assumption of universality
of our observations. Moreover, if we take into account the finite flux of radiation from the night
sky, we arrive at Einstein’s famous statement that the Universe must be finite but unbounded
(edge-free manifold). It would be more correct to say that the content of the previous sentence
is not a statement about the Universe, but merely about the structure of the part of it where
the principle of physical universality is not violated, i.e. where only the phenomena we know
in our environment play a role. From this point of view, we would expect the behaviour of
general relativity to become singular in the context of black holes or similar extreme physical
conditions that we do not experience.

4.4 (Pseudo)Riemannian manifolds

Local Euclideanity provided the possibility of describing any arbitrary point of the manifold’s
environment with the same number of real parameters, no metric was adopted. By associating
an arbitrary metric tensor field with the tangent bundle of the manifold, we can form different
local geometries. This brings us to the definition of the Riemann manifold:

Definition 29. A pair pM, gq is called a Riemann m-manifold if M is a smooth m-manifold
and g : M Ñ T p2,0qpMq is a smooth section such that every p P M gp : T

p0,2q
p pMq Ñ R is

continuous, non-degenerate, positive definite and symmetric.

The requirement of a positive definite metric is a strong restriction, whereby we can only
work with metrics of index p0,mq for Riemannian manifolds, while the Lorentz metric of interest
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to us has index p1,m ´ 1q. The solution to this problem is to relax the positive definiteness
imposed on the metric, arriving at the definition of a pseudo-Riemannian manifold:

Definition 30. We call the pair pM, gq a pseudo-Riemann m-manifold or semi-Riemann m-
manifold if M is a smooth m-manifold and g : M Ñ T p2,0qpMq is a smooth section such that
for every p P M gp : T

p0,2q
p pMq Ñ R is continuous, non-degenerate and symmetric. Every

Riemannian manifold is also a pseudo-Riemannian manifold.

Remark. A pair pM, gq, where g “ ´1, 1, 1, 1, is called a Minkowski-space.

4.5 Embeddings of Riemann manifolds into Euclidean spaces

Until the middle of the 20th century, in addition to the development of the theory of topological,
smooth and other manifolds, a major dilemma was to decide the question whether there could
be a manifold that could not be embedded in a Euclidean space. The answer to this question
was given in several steps, depending on which part of the structure of the manifold we wanted
to preserve during embedding. Thus, there are several embedding theorems, depending on the
surplus structure we want to represent in the embedding space, among which we now present
the Whitney embedding theorem. For more details, the reader can read the part of book [5]
starting on page 99. However, in addition to embedding, the notion of immersion is also often
used; in general, one can immerse in a smaller dimensional space than that of the embedding,
in exchange for our structure, at least in some cases, may be misrepresented.

Theorem 15. Whitney’s embedding theorem: Every smooth m-manifold is embeddable in a
Euclidean space of dimension at most 2m ` 1.

However, it is often not appropriate to consider the internal structure of a given manifold in
terms of embedding for philosophical reasons alone, since a system can be considered existent
within a manifold without considering the embedding space as existing, an example of which
is the concept of spacetime in relativity. This is equivalent to identifying the states of the
system with the points of the manifold, so that during embedding, any additional points in
the embedding space are not attributed meaning in the model. From a computational point of
view, however, it is always practical to use the surplus structure of the embedding space and
then simply project the results back onto the manifold. If, however, the points of the embedding
space are still considered to exist, it should be emphasized that by merely performing operations
on the manifold, equivalent results are obtained by applying embedding.

5 reduction of the model space of systems modelled with

(pseudo)Riemannian manifolds

5.1 Global solution with embedding

By Whitney’s embedding theorem, any smooth m-manifold with or without boundary is em-
beddable in R2m`1. If the computational resources available to us are sufficient to perform an
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embedding into a Euclidean space, we can construct a solution to the problem discussed in the
first part of this paper for mappings between (pseudo)Riemannian manifolds.

Theorem 16. Let M and N be two Riemannian manifolds, G : M Ñ M , F : M Ñ N . Let
ιM : M ãÑ εpMq « Rm and ιN : N ãÑ εpNq « Rn embeddings with dimensions m,n such that
Γ :“ πM ˝ G ˝ ιM ,Γ : Rm Ñ Rn and ϕ :“ πN ˝ F ˝ ιN , ϕ : Rm Ñ Rn are smooth and analytic,
where πM : Rn Ñ M and πN : Rn Ñ N are canonical projections for which πM,N ιM,N “ idM,N

is satisfied. Then, for g :“ ιN ˝ γ ˝ πN , : N Ñ N , the relation

ιN ˝ pg ˝ F q ˝ πM “ ιN ˝ pF ˝ Gq ˝ πM

is fulfilled, where γ “
ř8

i“0 γ
piq is a function constructed according to the Theorem 7 which

satisfies γ ˝ ϕ “ ϕ ˝ Γ.

Remark. The method for proving the Theorem 16 is illustrated in Figure 12.

M M

εpMq εpMq

N N

εpNq εpNq

G
ιM

f

ιM

f

Γ “ πM ˝G ˝ ιM

πM

ϕ “ πN ˝ F ˝ ιN

πM

ϕ “ πN ˝ F ˝ ιN

ιN

g “ πN ˝ γ ˝ ιN
ιN

πN

γ “
8
ř

i“0
γpiq

ϕ “ πN ˝ F ˝ ιN

πN

Figure 12: Solving the problem of correspondance between Riemannian manifolds globally,
with embedding

Summary

The focus of my thesis was the question of completing graphs of nonlinear mappings between
given spaces into commutative diagrams. The question can be reduced to the case where circles
can be formed by merely adding a new edge to the graph; thus it is sufficient to deal with
triangles or quadrilaterals with a missing edge. As a result of my work, I was able to solve the
problem if each space is a Riemannian manifold (specifically, a Euclidean space), and I gave an
algorithm for constructing the locally least deviating solution, whose error I also estimated. This
solution is exact for smooth and analytic mappings. In addition to dimension-reduced modelling
of complex systems, the solution may have applications in algebraic topology and category
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theory, where commutative diagrams are of great importance, although the investigation of
this issue is beyond the scope of this thesis.

In order to point out the importance of the issue and to motivate the reader to the concepts
and generalizations introduced, I have identified one of the spaces represented with a model
space of a deterministic system and one mapping with an operator defining the time evolution of
this system. In this interpretation, the problem I solved in my thesis also implied the following:
given a time evolution of a system described by a large number of parameters and a procedure
to determine a (often lower dimensional) quantity from an instantaneous state of the system, a
mapping to the time evolution in the space of these quantities can be constructed. The method
is thus suitable for the reduction of the model space of nonlinear time-evolving deterministic
systems. The practical importance of the method is illustrated by the fact that, when applied to
the dimensionality reduction of the model space of time-evolving systems, the time and memory
complexity of the method can be drastically reduced.

Acknowledgement

I would like to thank my friends and the community of Bolyai College, Eötvös József Collegium
and Márton Áron Szakkollegium for their intellectual support, which made this research possi-
ble. The research was Supported by the ÚNKP-21-1 New National Excellence Program of the
Ministry for Innovation and Technology from the source of the National Research, Development
and Innovation Fund, and by the Márton Áron Szakkollégium of ELTE. I am grateful to my
supervisor, Dr. Attila Andai and my internal consultant, Dr. Márton Nagy for their continuous
support, which has been instrumental in the realisation of the thesis and in shaping my view
of the world. I would also like to thank Dr. Peter Burcsi for his three years of guidance in my
research.

Finally, I am grateful to my family for their continued support in all areas, without which
this research would not have been possible.



REFERENCES 33

References

[1] Roger Pensrose. A generalized inverse for matrices. 1955.

[2] John Archibald Wheeler Charles W. Misner, Kip S.Thorne. Gravitation. Princeton Univer-
sity Press, 1970.

[3] Feynman’s lecture: Angels beating their wings to push the planetsdiscovery of the law of
gravitation. https://www.youtube.com/watch?v=clGrg-ANSQE. Accessed: 2021-01-22.

[4] A new theory for systems that defy newton’s third law. https://www.quantamagazine.

org/a-new-theory-for-systems-that-defy-newtons-third-law-20211111/. Hoz-
záférve: 2021-11-23.

[5] John M. Lee. Introduction to Smooth Manifolds. Springer, 2013.

[6] Loring W. Tu. An Introduction to Manifolds. Springer, 2011.

https://www.youtube.com/watch?v=clGrg-ANSQE
https://www.quantamagazine.org/a-new-theory-for-systems-that-defy-newtons-third-law-20211111/
https://www.quantamagazine.org/a-new-theory-for-systems-that-defy-newtons-third-law-20211111/

	Abstract
	Introduction
	Euclidean spaces and their characteristics
	Affine spaces
	Euclidean spaces

	Mappings between Euclidean spaces
	Systems evolving in time modelled by Euclidean spaces
	Reduction of the model space of time evolving deterministic systems modeled with Euclidean spaces
	Jets of mappings between Euclidean spaces
	The concept of linear pseudoinverse and Moore-Penrose pseudoinverse

	Solution with Ck, k {1, …, } class mappings
	Construction of the solution
	Newton and the picture of the Euclidean world

	(Pseudo)Riemannian systems
	Physical motivation: preferred trajectories of bodies
	Topological spaces, topological and smooth manifolds
	Tangent space, tangent bundle. Vector and tensor fields
	(Pseudo)Riemannian manifolds
	Embeddings of Riemann manifolds into Euclidean spaces

	reduction of the model space of systems modelled with (pseudo)Riemannian manifolds
	Global solution with embedding

	Summary
	Acknowledgement
	References

