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Introduction

The concept of epicycles originates
from ancient astronomy and refers
to a circle moving along another
circle [1] or a rotating vector
connected to another rotating
vector. They were originally used to
describe planetary motion [2], where
astronomers, unknowingly, benefited
from their most fascinating property:
they can trace any path.

The aim of this project was to
precisely analyze the behavior of
established strategies for drawing
with epicycles on the complex
plane. This would allow the
identification of various
improvements. Furthermore, a
generalization for these methods
was to be found for four-
dimensional paths.

Figure 1: a set of 268 epicycles tracing
the logo of the foundation Unga Forskare

Scan to see
the epicycles
in motion
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Methodology

As shown in Fig. 1, epicycles gain the Fourier Transform - a formula that is
ability to draw any shape when wused in nearly every piece of
combined to create sufficiently long technology today. Its vital role derives
chains. The movement of the final from its ability to break down periodic
epicycle can be manipulated by signals into sine and cosine waves,
adjusting the length and frequency of similar to Fig. 2. Therefore, it is
rotation of every arrow before it. essential to processes involving tasks
such as the transmission of wireless
signals or the compression of image
and sound data.

Finding a strategy to identify the
correct values for a given shape offers
an intriguing perspective on the
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Fig. 2: an example of a periodic signal that has been
decomposed into sine waves by the DFT
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Results

The simplest strategy for finding the
epicycles that trace a given drawing
has been denoted as x(t) in Eg. 1. It
can be created by combining the
Discrete Fourier Transform (DFT) with
its inverse. The function provides a
path through the points x,, by
returning a new position for every
moment in time, t.

It was found that every exponential
function in this equation can also be
interpreted as an individual rotating
arrow. This directly follows from
Euler's famous formula e ™™ =
cosx+i-sinx. By adding the
individual arrows together, the
desired chain of epicycles can be
created.

n(t—m)

Equation 1: a method for connecting N values x,, based on the DFT

However, the paths this strategy
produces rarely  show much
resemblance to the original drawings.
They often contain loops between
neighboring  points instead of
connecting them with straight lines.
This issue was addressed through
several different solutions.

The most effective involved the
introduction of arrows that spin
clockwise instead of just anti-

Fig. 3: a single arrow connecting two points

A further improvement involved the
addition of different points to the
input values x, that would help

clockwise. Its impact can already be
observed on a small scale. For
example, one may compare the
product of a single arrow connecting
two points to that of two equally long
vectors. While the former will create
a circle (Fig. 3), the latter will draw a
straight line as one vector
compensates the other’s movement
in the direction perpendicular to the
line (Fig. 4).
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Fig. 4: two arrows of equal length connecting
two points

guide the epicycles. Efficiency could
be increased by implementing ideas
from the Fast Fourier Transform.

Summary

The Fourier Transform can be found in nearly every piece of modern
technology, making it one of today’s most important formulas. However, it
also provides a particularly effective strategy for finding epicycles that trace a

given drawing.

This project analyzed and improved upon established methods for this
process. Additionally, a generalized form was found for four-dimensional
drawings. The effectiveness of this final solution at tracing three-dimensional

paths was also investigated.

To generalize the initial strategy and
its improvements to four-
dimensional space, the Discrete
Quaternion Fourier Transform (DQFT)
was explored. The DQFT is a more
powerful form of the DFT that can
process four-dimensional input. It is
common to imagine such values as
dots in three-dimensional space that
have been given a certain color, as
shown in Fig. 5. Since each color can
in turn represent a value (e.g., blue =
1, orange = 4), the dot represents
four values.

Conclusion

While this project was successful in
fulfilling the goals it set out to
achieve, it simultaneously unveiled
many ideas and questions that had to
be left unexplored. This includes the
possibility of a further generalizaton
of the methods for higher
dimensions or even any number of
dimensions. On the other hand, the
strategies introduced in this project
could still be improved upon.

Much work was also put into making
all findings as accessible as possible.
This goal was achieved through two
different  websites. The  first,
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Fig. 5: a representation of three
different four-dimensional points

dft.birmanns.org, allows users to
create their own two-dimensional
drawings with epicycles.
Dgft.birmanns.org, on the other
hand, makes use of epicycles to
connect user-provided points in
three or even four dimensions.

dft.birmanns.org dgft.birmanns.org
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