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Abstract 

Epicycles offer a fascinating method for creating drawings in two-, three-, and four-dimensional spaces. The Fourier 

Transform, a critical component of modern technology, lies at the heart of this process. It enables the construction of a 

set of interpolation methods that may be interpreted as sequences of epicycles or rotating arrows. For the case of the 

complex plane this is done by combining the Discrete Fourier Transform (DFT) with its inverse. Its structure, consisting 

of many complex exponential functions, allows the method to be interpreted as many rotating arrows. By investigating 

its behavior, this study identifies potential improvements to tailor the DFT to this particular application. Furthermore, 

the report explores the generalization of this phenomenon to the four-dimensional space, the quaternion space. The 

Discrete Quaternion Fourier Transform is introduced and used to construct a similar interpolation method. Its behavior 

features many parallels, allowing many observations and improvements to be transferred. Additionally, its behavior within 

three-dimensional space was examined by removing the real dimension. From this emerged the concept of “elliptical 

epicycles,” as it was shown that this strategy would produce ellipses instead of circles.  

To highlight the different findings of this project two pieces of software were developed. They are located at 

dft.birmanns.org and dqft.birmanns.org where users can draw with epicycles themselves.  

Introduction 

This report aims to provide an overview of the key insights from the project “Creating Multidimensional Drawings With 

Epicycles.” It focuses on conveying the key concepts without delving into the rigorous proofs they rely on. Readers are 

encouraged to also visit the websites dft.birmanns.org and dqft.birmanns.org, which were created as a part of this 

project and display the investigated phenomenon. 

Epicycles 

The term “epicycle” originated in ancient astronomy and was used to describe planetary motion. Generally, it can be 

understood as a circle moving along another circle's circumference. [1] Throughout the past decades, its meaning has 

slowly shifted to also refer to a spinning vector (or arrow) attached to another rotating vector, which is equivalent to the 

original interpretation. Epicycles become particularly fascinating when they appear in large groups; once enough of them 

are attached together they can trace any shape. This property is not limited to the two-dimensional plane but extends to 

four-dimensional spaces, as demonstrated in this project. 

The Fourier Transform 

Without the Fourier Transform, much modern technology could not exist. This can be derived from its significant role in 

signal processing, where it allows the decomposition of periodic signals into sums of sinusoids. [2] However, this world-

famous equation has also proven to be a useful tool in recreating paths with epicycles. This project emphasizes the 

importance of the DFT (Discrete Four Transform), as shown in eq. 1 [3], and the DQFT (Discrete Quaternion Fourier 

Transform). These transformations, comprised of complex and quaternion exponential functions, respectively, are 

instrumental in constructing the interpolation methods explored. 

 

𝑋(𝑡) ≔ ∑ 𝑥𝑛

𝑁−1

𝑛=0

𝑒−𝑖2𝜋⋅
𝑛𝑡
𝑁  (1) 
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Findings 

Drawing on the complex plane 

The complex plane ℂ where 𝑖  ≔ √−1 and values are expressed as 𝑎 + 𝑏𝑖  provides a two-dimensional plane where the 

Discrete Fourier Transform can be applied. By combining the DFT as defined in eq. (1) with its inverse, an interpolation 

method for connecting elements of ℂ (referred to as 𝑥𝑛) can be constructed. Investigation into the properties of this 

method which is presented in eq. (2) is a central aspect of this project. 

 

𝜒(𝑡) ≔
1

𝑁
∑ ∑ 𝑥𝑛

𝑁−1

𝑚=0

𝑁−1

𝑛=0

𝑒𝑖2𝜋⋅
𝑛(𝑡−𝑚)

𝑁  (2) 

 

On closer examination, the interpolation method reveals numerous complex exponential functions. Euler’s formula (𝑒𝑖𝑥 =

cos(𝑥) + 𝑖 ⋅ sin(𝑥)) [4] allows the interpretation of each value as an arrow with length |𝑋(𝑛)| that starts rotating as 𝑡  

increases. Therefore, 𝜒 offers a strategy for tracing drawings, composed of many individual points, with epicycles. 

However, paths created using this approach are often inefficient, involving loops between neighboring values rather than 

utilizing straight lines. Such an example is shown in fig. 1. This issue prompted the exploration of improvements that 

adjust the DFT for this particular use case.  

One significant improvement involves introducing arrows that turn in the mathematically negative direction, rather than 

solely in the positive. This change may be compared to the act of drawing a path that connects two points with two 

arrows, turning in opposite directions, instead of just one. The single arrow will be forced to create an entire circle, while 

the pair of two can produce a line if they are of equal length. Depicted in eq. (3), this entails combining the interpolation 

method with its complex conjugate and cutting the sum in half, leaving many cosine functions. From a visual standpoint, 

however, it is much more intriguing to represent the arrows individually rather than combing them. 

 

𝜒′(𝑡) ≔
1

2𝑁
(∑ 𝑋(𝑛)𝑒𝑖2𝜋⋅

𝑛𝑡
𝑁

𝑁−1

𝑛=0

+ ∑ 𝑋(𝑛)𝑒𝑖2𝜋⋅
𝑛𝑡
𝑁

0

𝑛=−𝑁+1

) (3) 

 

Another approach to address the behavior of the generated paths is to see it as the result of a lack of information. The 

arrows are not restricted in their movement from one point to the other. By generating additional data, adding values 

between the given points, the issue may be circumnavigated. By definition, they too must be elements of the path, 

forcing the new path to fulfill certain conditions. While this strategy can improve efficiency, its success varies depending 

on whether the assumptions made about the input data are true. A well-suited example is illustrated in fig. 2. 

 

Figure 1: This is an example of a path produced by the interpolation method in eq. (2) where the red 

dots serve as the input values. 
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Besides the appearance of the results, one may also consider the computational efficiency of the process. Replacing the 

Discrete Fourier Transform with the Fast Fourier Transform (FFT) as defined in eq. (4) [5] significantly improves 

performance. The FFT allows the input values to be divided into two groups repeatedly, resulting in half as many 

multiplications. This process is only limited by the number of times this division can be performed. 

 For 2𝑎 ≔ 𝑁, 

 𝑋′(2𝑡) ≔ ∑ 𝑒−2𝜋𝑖 ⋅ 
2𝑡𝑛
𝑁  (𝑥𝑛 + 𝑥𝑛+𝑎)

𝑎−1

𝑛=0

    &     𝑋′(2𝑡 + 1) ≔ ∑ 𝑒−2𝜋𝑖 ⋅ 
(2𝑡+1)𝑛

𝑁  (𝑥𝑛 − 𝑥𝑛+𝑎)

𝑎−1

𝑛=0

 
(4) 

 

Since each point must lie precisely on the curves produced by combining the DFT and its inverse, they often appear 

overly precise. After removing summands with a large index 𝑛 , one is left with an approximation of the curve. However, 

even when a third of the arrows are removed, the overall shape can still be recognized. Therefore, the method also offers 

a possibility for storing approximations of the input values more efficiently. 

Following various improvements, the possibility of applying the interpolation method in different ways was explored. One 

option would be to apply the function to every dimension of the input values individually and then add up the results. It 

was proven that this will not lead to any change in results, besides a clear reduction in efficiency. However, considering 

only the relevant dimension from every result will lead to a clear advancement. This strategy was shown to be equivalent 

to incorporating arrows of negative frequencies. 

Drawing in quaternion space  

To investigate drawing with epicycles in four-dimensional space, the project explored the quaternion space 𝐻. It is 

commonly understood as an extension of the complex numbers with three imaginary units (i, j, & k) as opposed to just 

one. Quaternion numbers are usually represented as 𝑎 + 𝑏𝑖 + 𝑐𝑗 + 𝑑𝑘  and despite abiding by most laws of arithmetic, 

their multiplication is non-commutative. For this reason, a left-sided and right-sided DQFT exist, that behave identically. 

[6] The project focused on the behavior of the latter and its inverse, nonetheless, all findings apply to both. In either 

case, an interpolation method Ω in eq. (5) can be created by combining the transform with its inverse with the ability to 

join different four-dimensional points. 

 

The method features many quaternion exponential functions, which can be shown to form arrows turning on planes in 

quaternion space. Each arrow of index 𝑛  has a length of |𝑍(𝑛)| and lies on the plane that intersects the origin, 𝑍(𝑛), 

and 𝑍(𝑛)𝜇. Therefore, the arrows may also all be located on different planes. Once again, these arrows are combined to 

form a strategy for creating drawings with epicycles, now for points in four-dimensional space with the help of the DQFT. 

 

Figure 2: In this example the points from fig. 1 have been take and supported through additional 

data, allowing 𝜒′ a very clear image. 

 

Ω(𝑡) ∶=
1

𝑁
∑ ∑ 𝑧𝑚

𝑁−1

𝑚=0

𝑁−1

𝑛=0

⋅ 𝑒𝜇2𝜋⋅
𝑛(𝑡−𝑚)

𝑁    where 𝜇 is a pure unit quaternion  (5) 
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An example can be viewed in fig. 3 where the fourth dimension is visualized through a color gradient between red and 

blue. 

Many of the discoveries made in the complex plane can be translated to quaternion space. Combining the new 

interpolation method with its conjugate and dividing the sum by two, also improves its performance. Geometrically, this 

is the same as adding arrows that turn in the opposite direction. Inspired by the FFT, a Fast Quaternion Fourier Transform 

can be defined, allowing an increase in efficiency as well. These parallels did not come as a surprise, however, as it 

could be proven that this interpolation method is a generalization of the function created by combining the DFT with its 

inverse. 

Understanding the ongoing operations when traversing quaternion space can be challenging. Fig. 3. displays one 

approach to visualization which involves using color to represent the fourth value, given a predefined color scale. But 

three geometric dimensions remain. Therefore, an effort was made to refine the methodology used in the four-

dimensional space for three dimensions. The focus hereby was minimizing the effect that the dimension of color would 

have on the rest. In the case of quaternions, this is usually the real dimension. 

It was proven that the vector part of a quaternion exponential function must form an ellipse of a specific size. 

Consequently, the vector part of the interpolation method created using the DQFT and its inverse represents a sum of 

many ellipses in ijk-space. This discovery led to the concept of “elliptical epicycles,” where ellipses move along other 

ellipses and can trace any path in sufficient quantities. Only in rare cases with a limited number of input values are the 

ellipses in the method circles. More generally, the difference between height and width can be minimized by setting the 

real dimension of input values to zero. Therefore, the DQFT only offers a universal strategy for drawing with elliptical 

epicycles in three-dimensional space as represented in fig. 4. 

 

Figure 3: This is an example of different epicycles connecting a set of five quaternions. 
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Figure 4: This figure features the interpolation between a set of five quaternions with elliptical 

epicycles. 

Conclusion 

As with all mathematics, Fourier Analysis seems to have no limits even when applied to epicycles. Each discovery 

uncovered many more unknowns and brought forth new ideas. The initial project goals were not merely achieved but 

acted as steppingstones to further exploration. Nonetheless, much value can still be found in improving efficiency 

and the exploration of its potential in spaces with more than four dimensions, concepts that have not been covered 

in this research. It might also be beneficial to research alternate strategies that do not require elliptical epicycles in 

three-dimensional space. Enhancing performance, on the other hand, could benefit the demonstrations at 

dft.birmanns.org and dqft.birmanns.org. 
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